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BOOK TWELVE 



i 



• Here is an operation that is useci>tK^ome branches of mathematics.. We 
ahaH use its conventional name, "delta"', s)^bolized by the Gr.eeK letter 6 . 
Here are .some examples of how it works: 



1 • 


3 


6 


7 = 


0 




6 










7 


6 


3 = 


.0 


-4 


6 


A - 






w 




















b 


7 


6 


7 ^= 


• 1 




6 




0 






4 

I 


6 


I • = . 


1 










V 



What does 6 do? (See page 1^ to confirm your answer .) 

\ ■ 



In some ot the problems that follow it may be" that more than one n\imber works, 
In each case describe all the numbers that work. • . • •. 



1. 



14 6 13 



J 



5. 

J-11 
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14 6 14 



'I 



-6- 



■ □ 
□ 



0 



V 



6.- 



7. 



8. 



9. 
10. 

.13. 
14. 



( 3 6, 4 ) 6 6 



3 6( 4 6 5 ) 



□ ^ 



Find a number for j | so that ( 
'equal | [ 6 (4 6 ' 5* ) . 
( 5 6 8^) + ( ^ ■' 6 5 ) = 



( 6 6 8 ) + '.( 6 6 5 ) 



6 3) + ( 



6 3) + ( 



6 3 ) + ( 



6 3) + ( 



■ ■ > . 



6 4 ) 6 6 does not 



fx 7 ) . = 1 



6 ,7 ) 
6 7') 

6 7 )• + , ( 



0 
2 



6 40-) 



AO 



- ^ ^ ■ 1 ' 

15. Make up a single e'quation in which '1 , 3 , 87 , 14, an^i 101 work 

in the^boxe.s,* and in which only those numbers work. 
, ) 



r. 
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0 



■ ♦ 



Here are some examples of an operation which we sTiall call "check" : 



-a 



6 V 10 = 2 
50 ^ 60 = ' 5 
59 19 = 20 ■ 
380. >/ 379 = I 
1 W 1 1 = » 0 



How might*a student describe what check does? 

m ■ ' ' ■ ... » 

■ ^ 



Z. ' If you can, give a formal definition of check. (If* you have trouble with 
thib- .question, consult^page IL.) 



•» . 


A 


Now dp these: 

%' - 




3.'' 7^15 




.4. 2'2 s/ ' 29 




■ ✓ • 





df 



i 



In ^a prdvious 4e88on^y nr\eant something else. We use the symbol again 
buttwith a different meanihg.^ty emphasize that this choice is arbitrary. You 
do to be sure that your students know what a particular symliol meaniS on 

a given day. - » . ' ' 




ontinue with; 'iTl >/ A = . K-' " A 



1,076. V 1,070 ^ = 



1,076 1 V 1,070 1 



8. 



9. 



10. 



11 



12. 



13. 



0 V -6 

■»■■'' 
'O.V -11 

I. 

0 V 11 

- Z s/ 14 



-300* V -400 



S 



'3 



(The answer is not -'50 .) 



14. -200 V 200 



What is a likely wrong answer? 



J 



± J ± • 
'19 19 . 



16. 



25 , 



17, 



il 
►25 



^ 5 



- 4 
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7 



J-U 



V 



♦ ■ 



, 21 , and 22 



are all th^numbers that work? 




C ontinue w i'th • L 1 . \/ A 



df 



□ - A. 




30.' 



(•5 y Zp.) + ( 20 35 ) 



^ ^ ^ + ( 31 1 / 35 .) 



90 ). 



What are ,all. the number's that work? 



10 V .90 V 



0 . . 



Give ane number that dc^s not work in problem 31 ; 




III. 



The operations we have called delta and chfeckias well as star, circle- 
dot, and check used irj, the previous written lessonX are l^inary operations. ^You 
have to give them two numbers to get back one number. Addition, subtraction, 
multiplication, and division are also binary operations ,. but we are too familiar 
with them to appreciate their geheral pr,operties# ^ By Working with check and 
other artificial operations We shall eventually learn more about the way familia^r 
Operations work. . ^ ' ^ < > 



We shair now explore whether these and other s\jch operations are Cornmu- 



tative. 
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I When, an operation\suph as circi^dpt^ is commutative, swi1|chi]n.g.;tjhie' two. 
numbers arouiirl j|ever changes the answer. Examples; ■ 



•3 0 5 



5 © 3 



11- © -2 



-2 © 11-j 



and so on. 



If , you eat^ind two numbers which Rive different answers when yoU switch them, 

■ ■ ■ 

then the operation is not'commutative^ ' 

In the following problems new operations are defined. Tell -w^hether each 

* * . . . ■ . 

operation is commutative. If it is not^commutative, giv^e an example to show 
this, as iri the first two illustrations-. See if yQu can predict, commutati^ity or 
non-commutativity before trying specific number ! 



J- 



If not commutative, 
illustrate by giving 
' an example* 



Commutative? 



2. 



[D I A' .= □ - A) 



If not coQimvitative, 
illusji^rate by giving 
an example • 




f 



o 'J- 11 
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>9o 



m 



i 



It/. 



U not coiiiniutative , 
illustrate by giving* 
an example , 



V 



ConiniutaHve? 



.< 



1^ ■ --^ 



U ndt commutative, 
ai|u3trate by giving 
an example. * 




. 3 




df 



If not commutative, 
illustrate by giving 
an example . ^ 



q - A 



□ T 




^ □ X 



3 X 




If not. commutative , 
Illustrate by giving 
e|.n example.^ 



• \ 



u 



J-U 



mmm 



r 



8..' 



tA V^ :D- A- Q 



If not ocfuimutative, 
ill ustrate b)i^ giving 
an example . 




If not commutative*,"^ 
illustrate by giving 
an example . - 



1 



Conamutative^ 



/ 



If n^)t commutative', • 
illvistra-t'e by giving 
an,6!Kample. 



-7 



Observe that promems 7 and 8 are very different. 



Jrll 
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For the following problems, © V , ■ 6 i rand -X- are defined as before 
in thi'a teasqnu . . , ' ' ' 



i) © A. 

n. s/ A 
n -x- .A 



n.+ A 
n - A 



df , 
df 

'cif ' 



II 6 A 



df 



•0 'if n ¥ A 

1 . if n A 



^10. 



If^not iipmmutative, 
illustrate by, giving 
an examplti. 



Conimutative? 



• I 




df 



If n^t commutative, 
.illustrate by giving 
an example* 



□ -A 



Continud with the defi motions; 



□ ©'A 



n s/ A 

□ -X-A 

UJ 6 ' A 



k df ftp n + A 

df I n - A I 



= 2 X □> + A 



df 



0 "if A 

1 if = A 



Find, all the pairs of numbers ( □ , A ) that work^QF problems tJt 12 , 
)!!rl4, and i5rl5 . 



M3, 



>V12. 



□ ' ■ A 



□ - A 



□ - A 



v 



014. 



O ^ A 



□. • A 



<(15. 



•X- 




□ 



I • 
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A auti84factory description of what 6 cloej3 (page I) is' 

It tho nua\bt?r8 are the same, tiiii answe^r is 1 ; 
. it' they are different, the answer is 0^ 



•An acceptable answer td question 1 about V on page 3 is 

Take* oiie-half the distance between the two numbers. 



A# acceptable answer to giuestiqn 2 might be 



Another.acceptable answer: ' ^ 



OWA — , if . □ > A . 



df A - □ 



2 



if A > □ 



I 



s 

r • ■ . 

As has been suggested here and in' the films, a popular way of introducing' 

j_ ■• * 

''an artificial operation to a class of children is to give ai^tariety of example? and 

let students guess what the operation is by supplying answers to problems! In 

time 8t||jJ^^nts may be asked to give a definition of the operation in words or sym 

bols. ' ^ 

fie.ware, however', of harrying such guessing too far. If in a reasonable 
time your students have not figured out what you have in -mind, it is best to tell 
them and proceed, to explore the propertied of the Operation. 



' Even'after a number of examples, one could invent valid (if fancy) 
definitions fitting the examples given bi^t^not the same jis the one the teacher 
was thinking of. After the first three examples on page 3, a cliild would be 
correct who said^ that the operation ''check*^ is as follo>A^: 

Add the two numbers/ Round to the nearest multiple of 10 . 
Divide by 4. Add 1 . Again round to the. nearest multiple 
of 10 . li thti firpt digit is odd, divide by 6 . Then, if the 
^ first digit is not 2, subtract 1 , 

^ ■ ' ■ ■ ■ ■ • 

This deiinition does not worT<; for the next exampjle on page 3^-^ — it gives 37 

instead of — but an operation could be invented which would work for 

that example as well and similarly for any number of example^ 

'Notice-i.lso that the exaTnples given on page 3 do not tell ypu what to 
do w'ith negative numbers- — this is given by some answered questions later 
on (problems* B and li ). 



) 



1 



Sun\mary^ of Problems^ in the Film 
"Frarfiej/anc^llumbef Line Jumping Rules" 



'5th Grade, Cunniff School, Watertown, Massaqhua'ct'ts 

Teach^n Lee Osburn 



Here ury some problems: 

Ll'+ □ + □ = 21 ^ 

□ + [.] •+ * C) = . 24 

■ ■ « ■ » 

.■ ^- □ + □ + □ ==-22 

- I 



/ 



(7) 
(8) 



(Written between the two problems above) 
' . . (Wrong answer: 10 +10 + 2) 



What is the difference between these two problems: 

□ + □ + A = 22 
( \ and Ll + □ + □ = 22 

Is the answer to; □ -f^ □ -f □ = 22. larger or smaller than 7 ? 8^? 
□ + □ + n = 23 (Written after □ + □ + □ = 22) . 



-Ivlore problems:' 



• \l + . □'+ □ = 60 
i 

♦ 

i:i + □ + .□.> 91 



(20) 

(20i) 

(30i) 



New problem: 



□ +. CI + □ = □ + 12 / 
Let's do □ + U \ □ + □ \ 12- 



Continue with the problems: 



(Wrong answer: 3 )^ . 



□ 


+ 


□ 


+ 


□ 




□ 


+ 


20 






n 






+ 


□ 




n 


+ 


2 


x'^ .1. 
























;. ■ ' > / , n 






□ 




□ 




□ 


+ 


50 ■ 






□ 


+ 


□ 


+ 


□ 




□ 


+ 


18 






□ 


+ 


□ 


+ 


□ 




□ 


+ 


30 

• 






□ 


+ 


□ 


+ 


□ 




□ 


+ 


40 
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I want a number a.o that the /inswer in the boxes yyill come out to be 75 . ' 

L').+ □ + C) - + , ' . , (150) 

*• — — — . ' ^ 

What in the answer so that the number an the boxes is 10| ? (21) 

"Andy, I notice your hand is up ^ 

• ♦ . 

y awfully fast, do you have a . 
method for this? " • # 

"Yes, the first tw6 rmmbers in 



More problems: 



4 t >• 




+ n 


+ 


'□ = 


□ 


+ 


15 


Li i 




+ ■ n 


+ 


□ = 


□ 


+ 


ai 




□ 


■f 


+ 






+ 


24 


; g + 


n 


.+ ' n 




□ .= 


□ 


+ 


22- 




u 




+ 


n .= 


□ 




-23 



"Yes, the lirst twO^rjumbers in . 
the first two boxes h|r/e to add A 
up to the nunritber^on the rightJ' 



(Wrong answer: ) 



# New problems': 

' ■ •■•V - • 



( □ +•.. □ .+^D .- 300 ■ . 
* 99 -f 99 + 99 = /\ 
.98 + 98 + 98 = / \ 
^ -96 + 96 -!« 96 = I . I 
Did y^on actually add these numbers? How did you 



' >■ y * > ■ 

New problem: » , . . 

'- 4 + n + g + 3 = UX'D) + 7 (All numbers work.) 




"This ia a rule which t|lla you how to make jumps on a line:".. 



•J 



3 X 



□ - 



10 



Ancly: "10" « 



"What about 1Q;> " 



Andy; "That's what goes' in there, isn't it? " 



"It might. This is a rule that tells us that we are'going.to star.t here, and land 
here. So let's start a't 10 . If we start at 1 0 , where do we land, Gretchen? " 



'.A 



(30) 



"That's the^ first part of it. Now do the whole tjjiing. " .. 
, • •'■ / , ■ ; (20); 

..... ■ ■ ^ ' 

-I — I — I— -I — I^H — K-l — I — I — I — I — I ¥- { — I — I— I — I — I — I ,| I , , - 

■3 -a -1 0 1 / 3 4 5 ,-6. 7 8 9 10 11 12 13 14 "ft 16 17 ,18' 19 20 21 • 



Start at; 7 



Land at: J 11 




h-^ 1 h 

18 19 20 21 



Start at: 8 



I 

Land: 1 4 




-r+-^»i — I — I — — I — h-H- 

• -3—2 -1 0 1 2* 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 



Sta|/t: 



-!— H 1 1— rl h-H- 



Land: 2 



■3 -2 -1 0 1 2 3 4 5 6, 7 8 9 IQ.U 12 



15 16 17 18 19 20 21 



V 



Continue with the rule □ 



3 X □ - 10 I- 



4Vhut happened to that jump? Is t^hat any ' - .» 

c|ifferont from the other one? Lynrt? , ' 

\ U (If s going the opposite w^y, ) 
. ' • * • ' ■ 

' Let's stite it we can find some mo rd' jumps going the opposite way/ You givrp me 
■ ■ ^ . ^ --^ 

a number* \ ^ * 

'r J»; , .(no- : . . ; . 

If you start at l'^ you go to 41. What if you start at 3? ■ Land? 
■ ' " •• , ■'• * . 

• . . / . (-1) • . 



) 



HoW n\any apaces is the jump that starts at 4,? at 3? at 7? 



We have two jumps- tha^ are 4^ spaces ea.cih. Can you another '\ \ 



Jl^mp. of I ^ paces? 



(Start at 6 ) 



Can you find a jump that doesn^'t go anywpere? " 

Can you find a starting point so that we will junip one space? 



ERIC. 
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Supplement 
. Functions' 
by Edward Esty 



• ... ^ ■ ^- • 

The University of Illin<3as Arithmetic Project has loiig used jumping rules, 
in classes for elernentary school children. This paper will'give a broader 
view of jumping' rules, fc ailed "fu^tions" by mathematicians) 'and indiccib^ how 



they are used in later'^wbrk in mathematics. 



'flxample I, Consider the jumping ru^e | | 



+ 3 



(This Ts'a^^andari-d introductory example, from the Arithrnetic Project.') . If we ° 
start at '4 , we pht a 4 in both of the'bdxe^'. The- rule then tells u|' to go from 4 
to 4 + 3 'or 7 . 



□ 



^Start 



□ 



+ 3. 



v 

Land 



'J, 



■A 



,:Ayso, if we start at 2, we land on 5 * If we s^tart atr 1 00 , land y)n 103 , and 
's*o on. M ^ ' ^ 

• 'There are several things which should be noticed albout this jumping rule 



(or function). 



1. . . There are some places where we - can't starts If we put Brdi^ix Zoo 

; ■ ■ . ' V ■ ' ■ ■ ^ \ ^ 

into the boxes, we get nonsense: ^Bronx Zoo + 3 doesn't mean anything. 

I. I If we start at a. I'legal" Sl^rting place, we land on Exactly one land- * 

ing pl^aceV the absence of further information we can as slime that "legal'* 

* " •. , ■ ' ' • ' 

f?tarting points include at least all the numbers on the riumber line — zero, pos- 

itive ahd neglrtrive integers/ all fra^tiqns (llHe i )6- , ^ , etc. ) and 

ev^^jl irrational nurribers like yfT and , ^ 



wmmmmmmmmmmmmm^ 



■4" 



3.' We can draw a picture *.of some of the jumps m^de with the jumping 
rule. Typically, we might draw: • ' j * 





Ttlis jumpin^ule, □ - 1]^+, 3 , 19 not' an.o.yerly fascinatin^^STie but vye want^ 
simple one for illustratiori^now. Notice that jjot all possible jumps £re drawn *. 

4. There Is a definite, simple pattern appure.ni: in the jumps; i.e. each 
jump for this rule goes three units to the right. * \ j 

'=>. We can^land at any numbier we want' (just by starting 3 units to the 
left of 4b -y --. •■ .' ■ - ■ 1 r -•- . ■ _ • • — , 



, b., : Any landing. place .is also* a legal startin.g place. 
' 7. You never* land on the place you started from. ^ 



F^Tcaniplo II . Here is a different sort of juift^tng rule—ak alphabet jumping rule : 



the letter immediately following . [^"J in the English alphabet 



Start 



Land 



If we stai:t at g ^vp land at. h . If we start at' u we land on v. and ao on. 

, . ' Notice thatt' ' •■ ' ' " ' 

jftaii^ ther^ jire some place^i v(^e can't start at, for example 5^ » 
IT ., and z . ( Why not^? j?^^ could we alter t'he rule slightly and in a/ "natural" 
way to rnake z a legal starting point,'? ) . * 



• V 



y f I, . 'AaJDelure, if we' start at a legal starting. place ( i>e, any letter of 

^ • /. ■ ^ " " 

the Knglish alphabet excopt z ) we laad on exactly one landing place. * 
i:^ < For thiSl^riile we .can draw a pictyre of 'all of its jumps. 



/ ^M/.-^ r^.r> r-^^ ,ni^ r'^r;^ rv r> r^v m mm m rn m rv" 

^a V c d e I g< h 1. J k 1 m n o p q r \,s ,t u v V X y z 



i 

4.. Again thiTo's a simple pattern apparent'iVi the rule. 

' • ■ .• ' ■ . ' - : . ■■" ^ ■ -v 

We cannot land on every letter. (Which' one or ones aiye not lariiding 
points'^ ) ^ ■•• • . ■ ... 

Not e very^landing place is also a legal starting plslce. 

7. * Again there are no standstill points (places such that if. we'start 



there, wt* land there) . 



Kxaniple III > Here is 'another jumping rule: 

— ^ 

0 * if I I is even 



1 



□ 
□ 



if is. odd 



IL ^ There ar^? places w^;-can*t star^t at — in fact th^e are some numbers 
^wt^ean't start at (f ^ ' [ 

It* we start at a legal starting pl.ace ( i>e> any integer) we la^d on exactly 
» .» >♦ 

. one landing place (which must be either 0 or 1). 

H, We cafcnot draw a picture of all the jumps we can make with this rule. ; 

'. .' . " 

He s a picture of some of them: ^ ^ 



mmmmmm 



a. 



'J' '■ 



4. Again som^ort pi pattern is apparent. ' . - 
•i. . We cannot land on every' number or eyen on every integer, t 
iU^ery landing place is also a legal starting place. 



7. 



This rule does have, stands tiir points. (What^re thev? ^ero * , 



is an even riv\niber. ) 



Kxan\p.le IV. Here is a deliberately strange jui^ping rule. 




4 i 



is Bronx Zoo 



Central Park if 



is M 



r0 



Qbio if [ I 



Ohio 



4 if 




is 9 .-Tr. 



X 



M.. Here there ar)e only filar legal' starting place?, namely, BroAx ZDo,\ 
M , ■ Ohio, arid 9 . ' ' 

- 2, It we start at a legal starting place we. land on exa.ctly one landing 



place 



draw a^ picture of all the. jumpsr; 



\ 



\ 



Bronx Zoo 




I 



Centra^ Pai 



' 4- • Thoro 15 'noj^j/m pattern in this totally arbitrary and artificial 
jiim^inp; rnle/ . ^ " ^ 

S. ' We can land on .only three tkings, namely 4, Central Park and Ohio. 



6. Not every landing point is aMgal starting point. 

7. This rule has a standstill "point". ,; (Ol^io) 



21 



gxampljg V../ 



I 7 



{ !• Here we ^hall say that there a^e ho illegal starting places.* If you 
start you^and oh .6^ • If'yuu ^tart at Bro^x Zoo , you ^and on Bronx.y' 

/qo, and so pp. . ^ , v 



plac'e, 

" 3,. 
* 4. 

1. 



If wo start at a legal starting^place we lai}d on exactly one l^^nding 



We cannot draw a picture of all the jumps, / 
• The pattern is clear here (and dull!) ^ , 
We can land wherever we want. 

.Every landing place is a\so. a legal starting plac 
^Every place is a standstill point/ ^ 



^ The reader will, have observed that there is only one property which all o-fv 
the-^abov?.exarrfples sha^e: for each legal starting point there is exactly one 
landing place. Some landing places may. be "used"! more than..o.nce:(like 4 in 
Example IV or 0.. and. 1 'in Example III ), but to eagh starting point there cor-. 

* * • ' ■ . ' 

responds one and only one landing point. ' 

Example VI . Here-is an example; o]^ *'rule'» which is not a jumping rule' 
( function) : . 



□ 



any. number whose square is 



□ 



The permissible starting number^ are ?}ero and all positive numbers- But if.^^" : C 
we start at 9V for examplev wei could land on either 3 or -3, since 3 - andV :**^^ 
(-3) a>pe both 9 • Since for some starting numbers we have two landing 



numbers, this '^rule'^is not a fUn 



not a funtption. 



* Actually, we ahould say that each place in any pradetermined collection Qt-*^^^^' •^'j: 
.starting places is a legal starting place— but don't wo'ry abotiTthe distinction; J^jtj^ 
between this |aentence and the on^ above. V » 




if 



t 



We specify that the le^al starting places are all .pe-ople and organizations* 
ii^toa'in the 196^) Bostot) West Suburb^ teiephone' directory. Suppose, that ■ 
i£ we start at H. M. Smith we land^at ' ZJ5- 6375.. (Note ^'hat one, would have ' 
^ to have the directory to determine the landing places irl general. ) Is. this. 
>£^j"un( 

. starting places'^ 



unctiow? What about standsljill points? . . Are any landing places also legal* 



Kxample Vlir; ' 



■6.' if 




+>3 



■ is lairxger than 2 
I I is smaller than 7 



Legal starting- places here are all numbers- on the number line. Is this a 
function?' Are thq re any standstill points? - 



The reader might reasonably wonder >^hat aspects of functions people 
Study. In the next three examples- we explore in somewhat more depth ' 
the ^orts of thingswhich can be done with functions. 



The height of the piece obviously depends on where one measures it, • 
but it is* importclnt to notice that giVen^^rrty distance^ (from 0 to 4 inches) 
from the left-harfd edge, the piece pf metal has^xactly one -height at that 
point. A>s one can see frori^ the diagram, the height zero inches fr'om 
the left-ha?iid edge is 1 inch, ajid the height four finches from the left- 



hand edge is 3 inches. Suppose that the piece of m^tal is designed so 
that if we measure the •height ^ftt^Or'^.point □ inches from the left-hand 



edge, then t^e height at that poijit will l?e 



'8 



+, ,1 inches . 









■ V . 


■V 






□ X □ 

r 


" \ 1 

I- 









h- 



□ 



Fpr instance, the height of the piece 2 inches fronrti the left-hand edge 

* 2 X 2 1^ 
is ' Q + 1 or l*^ Inches. We^^caji express all this as ^ functioh 

as follows: * V 



The le-gal starting places (distances from the ieft-hand edge) are all the 
nun\bers J||Pni 0 to 4 ,^incluaive; landing numbers are heights. Notice 
that the function gives 1 when we start at 0 , and 3. when we' start at 4. 
ivhich agrees (as it should) with th^sdimen'sions shown in the picture., ■ 

Question: What is the area of the fr<^nt face of the piece of metal,? 
Wo might approximate the area in many ways. Surely the^ area m^ust be* 
•more thah M square inches because 3 1" X '4" rectangle could be cov- 
ered by the metal. . . 



i 




V 






















-H 



-I 



On the other hand> the area must Ije less than '1 2 square Hhches since a 
X 4'* rectangle could cover the piece. 



it 




S3 



/ 



A vlo8e>'r apprc)xin\ati()n c an be obtained by drawing a slanted line: 




— • . ■ 

If we had two of these trapezoid*, they^could be arranged to 
forma 4" by 4" square, which would have an arcfa of 16 square 
inches. One o'f the trapezoids, theh, has half that area, or 8 
square inchet. 



Wts know'the height of the broken vertical line in the naidcUe because we knpw 

■ . .- ■■ ■ ' < "i ■ 

□ X □ 



where- we land when wo start at <i '•using the rule p 



.1 li, 



8 
1 



■'h 1 



(Wo'\:re already done th>s. The height- 2 inches fror^i the left is I7 inches.)' 

* ^'f 1 ' » 

The area of the trapezoid on the left turns out to be ;Zj sqitare inches, and 

1 ' 

the area of the one an the right is 4- square inches The total area of the 

two trape.zoida is then 7 square inches. This looks gis if it is very close to 

■ \ . . -1 ■ ■ ■ • . • 

the true surface arecu but it is still a bit too big. "We-could use more and more 

,. " " ' 

^tr;if)e/,oids, but no m^itter how many trapezoids we us e,^, the curved portion Of ' 

the piece of metal w^ill still give us trouble. By splitting up the figure into more 

ids and by figuring the total area ea'ch tsime", we will get a 

sequence of numbers jvhich approximate more and more closely the true area; 

(We j^re assuming here that there actually js^ a number which represents the 

true area.) Kven though no ^iiigle approximatipn'wiHgive.us the true. area, it 

JLH^ possible to determ^e the true area from the sequence of approximations. 

'^e following table-was prepared by_ a computer: ' ' . ' • 



tcapezoida 

^ 1 


. Width of each 
•trapezoid in 
inches 


fJ^ Total; area of 
the tr^apezoids 
in square inehe's ' 


■ 1 


4 


" \ 


- Z 


• • ■■ 2 




3 


1.3333 


6.8148 


4 

V 


1 


' 6.75 


.5 * . 


. •» 


6.72 


10 




■ 6.68 * 




.2666 


•' 6."6726 




.16 


6,6688 


50 


.08 


6.6672 


100 


V .04 


6." 66^8 

> 



C^n the reader gui^sjs what number is being approximated in the right-hand col- 
umn o( the table? This numljer Represents the area of the piece 'bf metal. - «• 



% 



^ 19 V« A« VC 



/mere \i a branch of inaihet i iailcB called palculut i %hlch dealtf with uexaaln^ 

propertj^es^pi functions. In particular, calculus can be, used to answer just 

/ ^ \ • • • ' 

such ■problems as the on^i above— finding the surface area of th^ piece of metal 

rapidly anti CjAsily. s • • 

The function which determines tJie curved portion of the piece of metal. is: 



□><□ 

u - — *^ — — — . + 1 



Using a procesy calleid integration (which is very itiuch like our summing of 
arcuss ot' amallor and smaller trapezoids) we get a neV function: 

24 . 

whi^h tells us the amount of area to the left of the vertical line □ inches from 
the lutt-hand edge. ^ (As befor'6, the legal starting .places. are^the numbers from 
0 to 4 , inclusive.) So if we start at 4 and use the area rule, the nur?iber we 
. ktnd on will be the area of everything to the left of the vertical line 4 inches * 
from the left-hand edge — that is, the eirea of the whole thing. Try it. Does 

♦ • • » 

your answer agree with your previous guess? • ' . «' 

_ The preceding paragraph, especially^he part abpi*rthe new function,* may 
seetn like black magic to the reader. ' It isn't really, but ^ derivation of the new 
function is too long* to inc^ludevhere. Suffice it to say that often one function is 
useful to' describe ce'rtalh properties of Etnother, . 

F^xample X . We reconsider Example III in a little more depth. 

B — > » 



0 i£ n IS ' eve!n 

*l 1 if D is odd 



N .... 

(The legal starting numbers are all integers—O, 1, -i-l, 2, -2,.. . ). 

' Choose any two starting numbers* We could follow two different procedures: 
1, Multiply t\ie numbers, and then put the product ^hrough the rule, 
^* First put each number through the fule and th^n multiply the two land- 
^ing numbers,^ ^ ) 

^ 3^ • 

* ■■ 



-inw rvu (> nao ifto -yema-in^ hl o property -m- that it mdkca » o diff tti- en ce whicl vpre' 
( t'chir*' 18 follow «?d," For oxanipic, suppose thty two numbers are, 3,2-17 and 984 
'ri\«v procluJvi.rca ar»' diai^i:amod below; \. ■ 




1/ 



Multiply thtMn: 
i> 217 X 9^4 
' 3, lf)S, "^28 



Put'- 3, 165,628 
through the rule;' 
3,165,528 ^ 0 



Pvit (»ach num- 
ber 't*hrough l^e 
rvilo: 

3, Z17 — > r 

984 — ^ 0 



\ 
/ 



Re\ult is 

< 

the same 
in both 
procedure 



Multiply the land- 
ing numbers: 
1X0 = 0 



So it wi-'re interested only in where we land if we start. at the product of 3, '217 
and 08'4., we can avoid the bothersome muyiplication by using ProcedTare 2 



rather than Procedure 1 . 



The reader may see that this example can bp summarized by saying that 
thi'^ product of two whole numbers is even unless both numbe^B a-re odd, in 
which case the product is odd/ While ^this is of, some theoretical interest, its 

» 

practical value is negligible: if we are interested in-finding What the product 

' ..... 

ot ■i,2t7 and 984 is, Procedure 2 'is ,of ntf help. Even'though>e can find out ,^ 
where we land if we start at 3,217 X '984, we cannot use the landing number (0) 
to rec onstruct thc'^prodtict. , This' is because there are many starting number^ 
(all the f;.ven "nimibers)'whi(fh will givd 0 when put through the rule. • • 

' . ■ ' ■ \ ■ , ■ : ■ ' 



If the reader/ doesn't find this remarkable, he ie urged to find other 



functiona with this property. One is □ — > □ X □ . What About 
-> □ + 3 or □ — -> 



□ 



5 X □ ?^ 



5 



32 



Example XI, 






, • .-. . t ■ ■ 

the number of timcMS 2 / 








f ■ 


\ .1111 III n.r. i 1 

is used when is* 
^written a. product of i' s-^ 


1 



r 



Tho le^al starting numbers are tho^e numbers wMch c^tn be written i)s a produc*! 
of ^'s. Since' 8 - i X 2 X 2, if we start at 8 wetland on 3. Apartial list of 
'jvutips* is shOjwn below: « 



START 
i 

4 . 
r ' 
16 
- 32 
• 64 
128 
256 



LAND 

, 2 
3 
4 
5 
6 
7 
8 



■4T: 



Pic k any two starting numbers. Again we can follow two different procedures: 

M 

,L Multiply the numbers, and .then piit the product through the rule. . 

' ' ' ^ \ 

i. First put each number through the rule and then add ,the twt? landing 

. ^ ■ '""'<' * . 

-numbers. Again the results of the two procedures will be the same.J For ex- 
ample, ^uppose wo start with 4 and 3Z ^ ^' / 




ERIC 



r 



Multiply them: 
4 X 32 r .<128 



Put each num- 
ber through 
the rule: 

'4 > 2 

32 ^ — > 5 . 



Put 1 28' through 

the rule: 

128 > 7 V 



Add the land- 
ing nifhibers: 
2 + 5 = 7 i 



33 




Result is 
the same ' 
in both 
procedures 



) 



It happens that 7 is the landing number for no other tar ti ng number except 



14?^ • this tart enahloH Us to f.ind the product of 4 and 32 jn this fashion: 



So 12H is; 
4,X 3^ '' 




Put each number 
through the. rule; 
4 — ^ I. 
32 > 5 * 



\ 



Find where to start 
so, as to land on 7: 
4£2H ,— > 7 • 



Add the land 
ing numbers 
2 + 5 = 7 




I hus tho problem ot multiplying two starting numbers^is reduced to the far . 
simplrr proble m of adding the landing njiirribers and then using the rule . backwards 
In the exan^ple above, instead of multiplying 4 a^id 32 we put 4 and 32- through 
the rule, landing ^)n I and S respectively; we added tjie* landing numbers, get- 
Hng 7': /mce l<dH^h!K,the place to start in ord6<r to land on 7 we know that 
^X32 / UH ' . ^ ^ V , ' ' ' 

^ At this point the reader may be thinking that this m(?thod works only if W(? 
«v'^r(^ tidying to multiply 'mUnbers like Z, 4, 8,^ 16, etc. ^If so, the reader is right; 
it would be sillyto try to write 9,«||for example, as a product of 2'g because 

L 4 and 2X2X2 ~ ^8 . But it would be a tremendous aid' to computation 

) * 

it the rule cotild be e Mended to other starting points so that the same relation- 

\ ^ ■ ■ * y ; ■ ■ ■ ■ ■ . • • 

ship between multiplying starting nuinbers and adding landing numbers heW/ 

\. VI * 1 

Suppo8*;l^»^ start at Where should we land? We know that 16 X ^ t: Z. ' 

If we\i3e trtT'^w^fi ^umbers as^ tart^ng numbers then the landing nuitibcrs should 
give an eqiiation involving addition: . . . 



START: 



'LAND: 



16 X i 



I \ \ 



'1 

J^^^ w*;^l<n<)AV that .4 M - 3) - 1 , so if wo start at - , -wo s hould land on - 3 . 

— • -J >— ■ 1 • H " O— ' " ' ■ • — ■ — — ^r— — . " ■ ■ 



Nutlet' that we art' not cjai^ftung that if'ono usos 2 As a factor negative three 
timi's^, ^thf jvrochict is (How could you uj^o ahytWng negative three tiii-ies? ) 

I'lainiing that if^)ne. wants to allow more numljirs as legal starting 
■places, tceeping the same multiplication-additioh. idea,, then in particular' if; ■ .■■ 

we start at 77 we mus't land on -3 . • • 

^ ■ 1 r ■ ■ ■ ' ■ .'■ - l '"-' 

In the case ot 16 X -- ^ 2", it-i^akes sense to gay th^t? if we start at - we • 

land on ^3'. /Bvit how do we knoN^i^hat this will always: work? Perhaps another 

problem would force us to 'conclude that-if wd. start at - we must land on -5- . 
. , ' • " 8 3 ■ 

say. Of course this would be disastrous: it wouldmean that we could never 

I " . " ^ 

mc|ude - as a legal starting plaCe since if our rule is ,to be^a function every . 

starting, place. must havc_exactly one landing place. Suppose S and S . are any 

■ ■ • ys";'- ' I Z ■ 

two'legal starting numbers such^ that S X - ^ . We will call L the landing 



I 

, ^..^ ^ — ^ ^ — w e w^nt to show that L ' + (v3) 

1 ' 

, for Ihe.n we will have shown that the landing number for — is --3'. Now if 

' I ' ^ \' ■ ■ , ■ i ■ ' '■. 

little differently, 



placr for,S^ i and Lj^ the landing place for ^^''^W 



^ then is 8 tinaes as big as \ or, saying it a Htl 
S X H' S . We know the landing places for all three of these numbers. 



We have: 



o 




START: 



LA>ID: 



S X 8 



^2 ' 




We know thaV^Jtho bottom efquation is correct because S , 8 and S are all leeaL 

• . ■ ■ . 2 8 1 ... 

starting nuinberiu^. But L + 3 = L. says that is 3 more^.than . So if we 

added - 3 \o L we woukl have , Thus L (-3) = . We have shown 

1 c i 1» Z < • 



1 



that extending ou,r rule to include as a leg^l starting number will cause .no 



^ inconsistency. 



^2 

* " 




36 



Let's t ry to ^nclucl 



lor 



V 



Q^mbfrs ^8 legal startinp'numbers for the 



Tul«'. Whoro shovild ^^o.larrd i^/we start at 1 f We have, \for example: 



START; 



LAND: 



16X1 



.16 



1 ' 



V 



But .4 + 0 - 4, so itwe. start at 1 we mus\ land on A. ' Again we^etJuld cheek y 
this to jj^>e that making 0 the landing numb^f of 1 produces no ^'flntradiction. 
In somewhat fancier language, if multiplicatloh problems" involving starting 
numbers are going to be turned 'into additioA problems inyolviiag the landing ■ 
numbers, then if we start at the identity eliment for multiplication (namely 1) 
we s hould laiyl on the identity element foj/addition (namely 'b)". ' ■ 

' Where should we land if we star^O? Using the same techniques as before 
we have for example: 



LAND; 



8 X 0 



3. + 



-0- 




Notice that we have used two frames of the' same shape, in fhe second equation 
because starting at zero must give us exactly one landing number. Biit iris ' 
.impo*-sible to fill the blanks of 3 + A = . A to get a true sentencq,* Th^rfef-^re 
w<' cannot .extend our rule to include -0 ^s alegal starting number. 



ERIC , 



3o 



■ 'r 



•J ' -J 



I 



' f 



Wher^ should we land if we start at -5 ? We notite that 5 X's X js > 125 



and 125 is pretty close to 128 . So^, 



START: ' 5 X 5 X .5 ■ 125. close, to, 128 




LAND: / \ + / \ + / \ = -close to 7 



/ 7 r 

II A>.f f <\ is to be near T then A should be close. to — or 2— . ' U^ing more 

' 3 3 ' 

powerful methods which we will not explain here, one finds that to five decimal 
. ^ • ' ■ ' ^ I 

places the landing number is 2.32192, so our estimate of. 2--- is not too far off, 

V ... •<> 

It turns out that this function (which is technically known as a Iggarithm: 
function) can be.vtsxtended to includff^all positive numbers as le.gal starting placds. 
The whole idea was first developed by John Napier and Heopry Briggs in the early 
wsevent^enth* century, and a cor^lplet§\table of landing numbers was published in 
1627 . It vas^tly simplified the horrendous calculations necessary for the astro- 
nomical, navigational^and engineering. applications of the day, \ T^e Idgaritiim 
function (usually in a slightly different form) is used now in- many practical and 
theoretical settings. Its usefulness lies in two of iti) properties: First, as We 
have seen, multiplication problems are ti|rned into addition problems,, and, 
second, each landing number is the landing number for only one starting' nurnber-. 
This allows U8 bo reconstruct uniquely the producjf from the sum by using the 
logarithm fvmction»backward'8, 

/ . . . ^ f ^ 5!< \ 

, It should be femphasiz'ed that this p^^per is only an ihtroduction to the jiature 
iLffd ua^es of functions. But efementary techool teachers sh( uld be assured that 
there.arie few topics which play a more central role in every brftnch of math<*« 



